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The growth of simulations of particle systems has been aided by advances in computer speed and algorithms. The adoption of
O(N) algorithms to solve N-body simulation problems has been less rapid due to the fact that such scaling was only
competitive for relatively large N. Our work seeks to find algorithmic modifications and practical implementations for
intermediate values of N in typical use for molecular simulations. This article reviews fast multipole techniques for
calculation of electrostatic interactions in molecular systems. The basic mathematics behind fast summations applied to long
ranged forces is presented along with advanced techniques for accelerating the solution, including our most recent
developments. The computational efficiency of the new methods facilitates both simulations of large systems as well as
longer and therefore more realistic simulations of smaller systems.
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1. Introduction

Particle simulations are a practical way of studying
average or ensemble properties as well as the dynamics of
a variety of systems, from galaxies to molecular fluids.
While very efficient algorithms exist for systems where
physics dictates finite or short ranged interactions between
particles, [17,54,55,59] many systems require different
physics. The problem of long ranged forces, that is forces
where the potential goes like 7 for 0 < p = 3, requires
procedures to force convergence. While enforcing a finite
range or cutoffs have been used, they change the physics
which can have unpredictable effects [16]. The use of
lattice sums and reaction fields, especially for p =1 in
three dimensions obtains the required convergence. These
techniques have algorithms which do better than the naive
N? algorithms obtaining, in favorable cases, O(N log N).
However the scaling to large numbers of processors for
relatively small values of N remains a problem for such
algorithms. The growth of computer speed has made
such algorithms practical for systems of O(10 K) particles
but has inhibited the total number of configurations
possible to visit.

*Corresponding author. Email: pettitt@uh.edu

The wide spread adoption of O(N) algorithms, via fast
summation techniques, to solve N-body simulation
problems has been less rapid due to the fact that such
scaling was only competitive for relatively large N. In
order to get linear scaling for small to intermediate
systems it is necessary to consider the way the mapping of
the algorithm onto the architecture affects the various
bottlenecks in the computation.

In Section 2 of this paper, we include a brief historical
overview of traditional methods for calculation of
electrostatic interactions and fast hierarchical methods.
Section 3 presents basic multipole equations. We then
consider in some detail each of the major operations in the
algorithm from a computational point of view. Sections 4,
5, 6 and 7 present the basic transformations associated
with the multipole coefficients. In addition, Section 7
discusses various proposed acceleration methods for the
translation operation in detail. Section 8 summarizes the
overall scheme common to the entire fast multipole
method (FMM). Section 9 focuses on implementation of
periodic boundary conditions within FMM. Section 10
reviews performance analysis and is devoted to perform-
ance improvements essential for efficient implementation
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of FMM. Section 11 addresses important implementation
issues. Finally, Section 12 comments on aspects that are
essential to the parallelization of FMM.

2. Particle methods

As short ranged potentials are essentially a solved problem
[44,56-58,60,61] we will concentrate on the long ranged
problem. Other authors have considered the problem for 1
and 2 dimensional systems [74,75]. Since the functional
form (power law) of the solution to Poison’s equation
depends on dimension we will restrict our interest to
systems in three dimensions where Coulomb’s law takes
its familiar form for the potential of 1/r where r is the
distance between particles. This is similar to the
gravitational case except that gravity only has attractions
whereas electrostatics has both attractions and repulsions.
By the definitions given above Coulomb’s law produces
configurational integrals which naively diverge for many
body systems. Physically, the charges screen each other
producing a renormalized force law avoiding the
divergence. Computationally, the sums or integrals must
be forced to converge under most circumstances of interest
using convergence factors or techniques which are also
common in most analytic treatments such as even Fourier
transforming a Coulomb potential. The use of lattice sums
are a popular method for obtaining convergence although
not the only physically motivated method available [52].

2.1 Ewald methods

In 1921, Ewald [35] proposed his lattice summation
technique for calculating interactions between a set of
particles and all their infinite periodic images solely to
address the problem of the conditional convergence of the
direct sum. Although the original Ewald method was not
initially designed for computational performance, later on
it gave rise to a number of fast algorithms which exceed in
performance the direct N2 sum of a nonperiodic system
[79]. State of the art are the methods referred to as Fourier-
based Ewald summation methods. Representative of this
group is the particle—particle particle—mesh method,
PPPM or P°M [52,64], and the particle—mesh Ewald
method, PME [23,34], both based on the algorithm
developed by Hockney and Eastwood [29,45]. In these
methods, the electrostatic field is expressed as a sum of
two components: a short range force and the long range
force that is left, where the former is calculated using a
cutoff and the latter is calculated by extending a regular
grid over the domain and solving Poisson’s equation on
the grid using the FFT to accelerate the solution. These
methods reduce the complexity of Ewald summation to
O(N log N), are well understood and highly popular in the
molecular dynamics community. The works by Toukmaji
and Board [83] and Sagui and Darden [68] offer excellent
overviews of Ewald summation techniques. The articles
[15,22,24,25] also provide valuable insights.

2.2 Hierarchical methods

The hierarchical methods are based on the idea that one
particle can interact with a group of other particles by
approximating their combined effect rather than interact-
ing with every one of them, provided the group is far
enough from the particle. This is essentially a tree
structure based method which is common to all fast
summation techniques. The milestones on the road to
FMM were the papers by Appel [7] and Barnes and Hut
[8]. The FMM was first designed by Greengard and
Rokhlin, who used spherical harmonics to developed all
the mathematical apparatus required by a truly O(N)
algorithm [38,40]. An interesting approach was also
proposed by Anderson [6]. Warren and Salmon did
important work on data structures required by efficient
hierarchical methods [69,70,86—89]. Although being an
O(N) solution to the grand challenge problem [1] and
being qualified as one of top ten most important
algorithmic discoveries of the twentieth century [11,28]
FMM has not yet enjoyed high popularity. The
computation complexity of FMM has been questioned
[4] and it has been pointed out that there can be a
significant constant coefficients hidden under the big O
notation [10]. It was even claimed that in comparison to
the P°M method “FMM can only become faster at some
unphysical size N > 10%°” [62].

It is, however, hard to argue with FMM’s algorithmic
beauty. Thus work on the scaling of the coefficients is a
natural avenue for research. In fact FMM has steadily
gained in practical performance since its conception and
has become a competitor for Ewald-style methods with
certain approximate schemes [26,27]. We believe that its
full potential is yet to be discovered. To make it practical
one must achieve both linear scaling as well as a
reasonable coefficients and offsets at particle numbers
used regularly in molecular simulations O(10 K).

3. Multipole representation of electrostatic field

All hierarchical N-body algorithms are based on the idea
of evaluating combined effect of a set of distant particles
instead of treating them individually. In the FMM the
electrostatic field has a dual representation. It is described
by multipole expansion and a so-called local or Taylor
expansion, both expressed using spherical harmonics.
Spherical harmonics Y}'(a, B) are functions of two
coordinates «, 3 (usually angles) on the surface of a
sphere, orthogonal for different n and m and normalized so
that their integrated square over the sphere is unity:

2n+1(n — m)!
47 (n+m)!

In FMM however the normalization factor \/(2n + 1)/4
is commonly omitted. The P)'(x) in equation (3.1) are
associated Legendre polynomials, which can be defined in
terms of the ordinary Legendre polynomials P,(x) by the

Y, "(a, B) = e™PPM(cos ). (3.1)
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Figure 1. Multipole moments.

Rodrigues formula

I = (17— . (32)
n dxm
In appendix A we give a simple method for calculating
Legendre polynomials.

In the formulation by Greengard and Rokhlin
[20,38,40,42] the multipole expansion for a set of N
chargesqy,q2, ..., qn with sphSrical coordinates r; = (p1,
ay, B1),r2 = (p2, a2, B2), ..., rv = (pn, an, By) located
inside a sphere S centered at the origin is defined by the
formula

N
= apY,"(w, B, (3.3)
i=1

where Y, ""(a, B) are spherical harmonics of degree n and
order m defined with a non unit square integrated
normalization as

Y, "(a, B) = 4/ Z’I%L’ZB: e"PPM (cos ). (3.4)

For any point 7 = (p, a, B) located outside the sphere S
containing all the charges the potential due to these charges
is given by the formula

OF) = Z Z nﬁl Y"(a, B). (3.5)

n=0 m=—n

Figure 1 shows the shape of the field associated with
different multipole moments.

The local expansion for a set of N charges g1, 2, ..., qn
with  spherical coordinates 71 = (p1, a1, B1), a =
(p2, a2, Bo), N = (pn, an, By) located outside a
sphere S centered at the origin is defined by the formula

N y-m
Z (n‘flv :81 , (3 6)

For any point 7 = (p, «, B) located inside the sphere S the
potential due to these charges is given by the formula

OH =) D Lip"Yep). (3.7)

n=0 m=—n

It is important to stress here that the potential expressed by
the multipole expansion (3.5) can only be evaluated
outside of the sphere containing all the charges. At the
same time the potential expressed by local expansion (3.7)
can only be evaluated inside the sphere not containing any
charges contributing to the local expansion. The sums in
equations (3.5) and (3.7) will not converge if these
conditions are violated. The physical explanation is that
we can accurately approximate the combined effect of a
set of charges only if they are close to one another and far
from the point of approximation.

For computer implementations of FMM it is more
convenient to use a simplified form of the multipole
expansion in solid harmonics introduced by Wang and
LeSar [85]. Here we will follow the notation by Elliott
[32]. In this formulation the multipole and local
expansions and the potential are expressed using F7'(7)
and G’ (7) functions, which correspondingly define regular
and irregular solid harmonics:

mey (_1)n*mpn imf pm
Fl'(rn = 7(’1 ey e P (cos ), (3.8)
G, () = Wef’"ﬁpg’(ms ). (3.9)
N —
= qF;"(=r), (3.10)
i=1
N —_
=Gy (=, 3.11)
i=1
dH =D MIGHD, (3.12)
n=0 m=—n
dH =D L), (3.13)

n=0 m=—n

Most importantly these equations allow for a simple
formulation of the translation operators which will be
introduced in §7. Also see appendix D for equations for
calculating the force (the negative gradient of the
potential) from the multipole and local expansions.

In computer code the range of n in the multipole
equations is truncated to a finite number of p terms,
depending on convergence requirements. Usually p ranges
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Figure 2.  Convergence of field representation with order of expansion p.

from 8 to 30 and for molecular dynamics the value of 16
seems to be a convenient compromise between numerical
accuracy and computational cost. Figure 2 shows
convergence of the field representation with increasing
order of expansion p.

Normally one would have to store and manipulate the
coefficients of the multipole and local expansions, M and
L7, and the G"'(7) and F”'(7) functions for n € [0,p — 1]
and m' € [—n,n]. However due to the following
symmetries:

F,"(F) = (—1D)"F,"(7), (3.14)
G,"(P = (—1)"G" (), (3.15)
M = (—=1"M™, (3.16)
L™= (—1)"L™, (3.17)

we may use only positive values of m saving storage and
computation time. Thus, in optimized implementations it
is essential to implement these expansions and functions
in the form of triangular matrices.

4. Scaling of multipole coefficients

The p" term in the multipole expansion coefficients M
(equation (3.8)) and the 1/p"*! term in the G”(7) function
coefficients (equation (3.9)), may cause the coefficients to
vary by orders of magnitude which may cause numerical
problems during summation and the translation operation
discussed in §7. It is not a concern if translations are
implemented as a O(p*) convolution/correlation type of
operation. However, some of the extensive optimizations
designed to speed up translations (less than O(p*)) can
suffer in precision due to roundoff errors. In order to avoid
these problems the multipole expansion coefficients of a
cubic box of dimension d are scaled to the coefficients of a
unit size box before translations:

~ My
n gnt?

@.1

and then after translations the local expansion coefficients
are scaled back to coefficients of the box of original size:
om LM
L, = d—’;
As we can see from equations (4.1) and (4.2) scaling is an
order O(p?) operation. Scaling can only improve

“4.2)

numerical results of FMM and in practice costs almost
nothing in the computation time. It is also convenient for
constant pressure algorithms.

5. Rotation of multipole coefficients

A class of acceleration methods for FMM takes advantage
of the fact that the computational cost of translations, in
particular the multipole to local translation discussed in
§7, can be reduced when the translation is performed
along the Z-axis (along the vector described by a = 0).
One such method, presented by White and Head-Gordon,
reduces the computational complexity of translation to
o( p3) [91]. The most recent one, introduced by Green-
gard and Rokhlin, further reduces the computation
complexity to O(p?) [42] (§7.2.3). The idea is to rotate
the coordinate system in such a way that the z coefficient
of the translation vector is dominant, perform the
translation with a reduced computational cost and then
rotate the system back to its original orientation. As a
result all translation vectors are divided into six groups
corresponding to six faces of the cube. The scheme is
referred to as a ‘“rotate-shift-rotate translation”. By the
same token such methods require the ability of rotating the
multipole and local expansion coefficients by */2 and
* 7 about the coordinate system axis.

The rotation of spherical harmonics also relates to the
properties of angular momentum in quantum mechanics
and has been well investigated [9,30,84]. We start with
the fact that in general an arbitrary rotation can be
accomplished in three steps via Euler rotations, and can
be characterized by the three Euler angles. However the
problem simplifies greatly in the context of FMM.
We notice that all the required rotations can be achieved
by a combination of at most two rotations about the
axis of the coordinate system. All necessary rotations can
be performed either by rotating about the Y-axis or by first
rotations about the Z-axis and then about the Y-axis.
Overall only the following operations are needed:
rotations by * /2 and * about the Y-axis and rotations
by */2 about the Z-axis. The translations for the six
groups of vectors can then be represented as the following
combinations of rotations and a translation along the
Z-axis:

Trans,; = Trans, 2, (5.1)
Trans;x = Roty(—/2)Transz Roty(7/2), 5.2)
Trans_x = Roty(7/2)Trans, Roty(—7/2), (5.3)

Trans;y =Rotz(—7/2)Roty(—7/2)Trans 2

X Roty(7/2)Roty(7/2), 5.4)

Trans_y =Rotz(—m/2)Roty(7/2)Transz
X Roty(—7/2)Roty(1/2), (5.5)
Trans—; = Roty(—m)Trans,z Roty(m). (5.6)
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A rotation by an angle « about the Z-axis only changes
the phase of the moments and is trivial to implement using
the formulas:

M) = Mye™, L = Lye™, (5.7)
which for @ = * /2 translates in the implementation to
operations as simple as exchanges of real and imaginary
parts of complex numbers and changes of sign. Also trivial
to implement is the rotation by the angle 8 = * 7 about
the Y-axis using the following relation between the
original coefficients and the rotated coefficients:

M= (=1yM™, L= (—1D'L". (5.8)

The only non-trivial rotation is the rotation by g = * /2
about the Y-axis. These rotations can be performed using
Wigner rotation matrices RZ’*’"/(B). The rotation matrices
are block diagonal mixing m values of the spherical
harmonics with a given n:

=" Ry,

5.9)

n
L= R
m=—n
A variety of methods to compute the coefficients RZ””’(B)
have been developed. See [9,30,84] for a more complete
discussion. In appendix B we give formulae for
calculating Wigner matrix coefficients that we found
straightforward to implement.

The rotations about the Z-axis and the rotation by =
about the Y-axis are all O(p?) complexity operations that
require just one pass through the expansion coefficients.
The rotation by */2 about the Y-axis is much more
expensive O(p>) operation that involves expansion
coefficients and Wigner matrix coefficients. Unfortunately
all translations, except for translations along the Z-axis,
require the costly rotation involving the Wigner matrix.
However in serial FMM the rotations are performed a lot
less frequently than the translation along the Z-axis and
their practical overhead is minimal.

6. Mirror reflection about the XY plane

One last transformation that is handy in FMM is the mirror
reflection about the XY plane. We can see that if for the
vector 7 in equations (3.8) and (3.9) we change a to
7 — «a, then the new expansion will be related to the
original expansion by:

M =0ty L= (=)L, 6.1)

Another way to come to the same conclusion is by
combining rotation by 7r about the Z-axis and rotation by
7 about the Y-axis by conjoining equations (5.7) and (5.8).
Just as for the two above mentioned rotations, the mirror
reflection is O(p?) in complexity and requires just one

pass over expansion coefficients. The impact of this
relation is further discussed in §10.4.

7. Translation of multipole coefficients

Translations are the most important operations in the FMM
algorithm. The FMM algorithm can be implemented in its
basic form without the use of either scaling or rotation.
However translations are in the core of the algorithm and
the quality of their implementation is essential to
performance.

7.1 Multipole to multipole and local to local translations

The translation of the center of a multipole expansion by a
vector Fypy i8S referred to as multipole to multipole or
M2M translation. The translation of the center of a local
expansion by a vector 7, is referred to as local to local or
L2L translation. M2M and L2L translations have a very
simple form in Elliott’s notation:

w=> Z MIF " Gyaw), (7.1)

n=0 m=—n

o0

w=3TNT LE" M G, (7.2)

n=0 m=—n

According to equations (7.1) and (7.2) these are
convolution type operations of O(p*) complexity. It is
important to efficiently evaluate these formulas, but there
is little reason to try to improve on their computation
complexity since the computation time in FMM will
always be dominated by the multipole to local translations
described in the following section.

7.2 Multipole to local translation

The most important operation in FMM is the multipole to
local or M2L translation by a vector 7. which converts a
multipole expansion to a local expansion with a new
center. A multipole expansion cannot be evaluated within
the sphere containing the constituent charges and it cannot
be shifted by M2L translation to a point within this sphere.
It can only be M2L shifted to a point outside the sphere
where the resulting local expansion can be evaluated. The
expression for M2L translation has similarly simple form
to the M2M and L2L translations mentioned in previous
section:

00

=3 Z MG (Faon). (7.3)

n=0 m=—n

It also has the same O(p*) computation complexity.
However unlike the other translations, M2L translation is
the most crucial to performance of FMM and the subject
of extensive efforts to lower its computation complexity
are described in following sections.
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7.2.1 Fourier form. Since the M2L translation is a
convolution, the most obvious improvement is to replace it
with a product in Fourier space. This was proposed early
by Greengard and Rokhlin [41] and later perfected by
Elliott and Board [33]. In practice this method is
implemented by placing the multipole expansion M}
and the transfer matrix G’'(7\p1) in rectangular arrays of
size 2p X p, performing the Fourier transform on the
matrices, performing elementwise product of the matrices,
performing inverse Fourier transform of the product and
extracting the local expansion coefficients from the
resulting matrix. The transition from circular convolution
to linear convolution requires zero padding in the n
direction resulting in array length of 2p. However due to
the triangular nature of the convolved matrices no zero
padding in the m direction is necessary. Also we do not
explicitly represent the coefficients for negative values of
m, but they have to be implicitly handled by the Fourier
transform routine. Although it may not be the most elegant
way of performing Fourier transforms, in this case the
desired efficiency can be achieved by performing one
dimensional fast Fourier transform (FFT) by rows and
then by columns. In this case the row FFT has to be
modified to handle the implicit coefficients for negative m.
On the other hand, we can save time by not performing
FFT on the empty rows introduced by zero padding. The
column FFT is thus a regular stride FFT routine. Figure 3
shows the idea of fast Fourier acceleration of translation.
As already mentioned in §4 the FFT acceleration
technique suffers from numerical instability due to the
p" term in the multipole expansion coefficients M}
(equation (3.8)) and the 1/p"*! term in the G”(7) function
coefficients (equation (3.9)), which may cause the
coefficients to vary by many orders of magnitude. To
alleviate this problem the coefficients need to be scaled for
a unit box before the FFT method can be applied. Since
scaling is a low overhead operation this does not cause any
performance problems. Scaling will only guarantee
numerical accuracy for expansion sizes up to p = 16,
which happens to be satisfactory for most molecular
dynamics simulations. In most cases higher accuracy
would exceed the accuracy of time integrators. If higher

accuracy is required other acceleration techniques have to
be used. Two alternatives are discussed in the following
sections. There is however a performance price to pay for
all other acceleration methods and the method described
in this section is the fastest M2L speedup mechanism
currently in use often providing an order of magnitude
improvement in computation time over the standard
method with accuracy suitable for molecular dynamics
simulations. This method is also compatible with
parallelization.

7.2.2 Fourier form with block decomposition. Elliott
and Board addressed the problem of numerical instability
of the FFT acceleration method for bigger expansion sizes
[33]. At the same time, their method eliminates the need
for scaling altogether. The method is similar to the one
described in previous section except that the matrices are
decomposed into blocks of four rows each. Each block is
individually zero padded with four empty rows and
Fourier transformed. The multiplication in Fourier space
is replaced with convolution of the resulting blocks.
Following is the inverse Fourier transform of the blocks
and extraction of the resulting local expansion. The
method is about four times faster than the standard
method, but at the same time about twice slower than the
Fourier method without block decomposition. It does not
increase storage requirements however and just as the
former method it is very suitable for parallelization.

7.2.3 Exponential (plane wave) form. Later, Greengard
and Rokhlin devised another speedup mechanism where in
order to perform fast translations they switch from an
expansion in spherical harmonics to expansion in plane
waves, also referred to as exponential expansion [42]. The
paper by Hrycak and Rokhlin [46] describes the adaptive
two dimensional version of the algorithm and the paper by
Cheng et al. [20] describes the adaptive three dimensional
version of the algorithm. We assume here multipole
equations in the formulation by Greengard and Rokhlin
(equations (3.3)—(3.7)). (Transition from Elliott—Board

translation
o(p?)
2D FFT 2D inverse FFT
O(p? logZ p) O(p2?logZ p)
translation
HH HH = B HH
—_— SZZi-o---: —_—
1, scaling Im = 1, scaling |
O(p?) O(p?) O(p?)

Figure 3. The fast Fourier transform acceleration of translation.
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representation to Greengard—Rokhlin representation is
straightforward.)

The exponential expansion for a set of N charges
q1,92, -..,qn Wwith Cartesian coordinates (xi,y1,21),
(x2,¥2,22), ..., (xn, VN, zv) located inside a cubic box of
unit size centered at the origin is defined by the formula:

N
Wy i o vsin a

§ qle)\kz,e 1)\,(()c,cosoz,k+)[smoz/k)7 (74)
M=

Wik, j) =
where k € [1,s], j € [I,M;], aj = (2mj/My) and the
triplets { A, wy, My } have to be properly chosen for a given
s. The value of s equal to p in spherical harmonics should
result in similar accuracy. Table Al in the appendix
provides the values for s = 8.

For a point X with Cartesian coordinates (x,y,z)
satisfying the conditions

1=z=4, 0=./x24+y2=42. (7.5)

The approximate potential due to these charges is given by
the formula

S

M
@(X) ~ Z Z W(kvj)e*/\kzei/\k(xcos a,'k-‘rysma,vk)' (76)

k=1 j=1

In FMM however the exponential form is only used as an
intermediate representation of electrostatic field for the
duration of the translation operation. The exponential
expansion is never calculated using charges and their
positions nor is the potential calculated from the
exponential expansion. Expansion in plane waves W(k, j)
is calculated based on multipole expansion in spherical
harmonics O’ (following Greengard and Rokhlin’s
notation O} is used instead of M’ to distinguish it from
M;). This can be done using the formula

Wik.j) = 2} iyllemes

km==p

(1.7)

(Ax) n
% Z (n—m)!(n+ m)! O’

n=|m|

Then the exponential expansion can be translated by a
vector X with Cartesian coordinates (x, y, z) satisfying the

condition (7.5) using the formula
V(k,]) — W(k,j)ef)u(zei)\k(xcos aj+y sin o) (78)

and finally the shifted expansion can be translated to local
expansion in spherical harmonics by the formula

m __ _l)lml n tma,;\
Ly = mﬂwm%WEKAUEWQM
(7.9)

Before performing a translation using the plane wave
representation we need to scale the multipole coefficients
to coefficients of a unit size box (§4), then rotate the
coordinate system to point the translation vector in the
positive z direction such that it satisfies the conditions
(7.5) (§5) and then convert the expansion in spherical
harmonics to the expansion in plane waves (equation
(7.7)). At this point the translation can be performed as a
fast O(p?) operation (equation (7.8)). When it is done we
need to translate the result back to the local expansion in
spherical harmonics (equation (7.9)), rotate it back to the
orientation of the original coordinate system and scale it
back to the original size. As in the case of the Fourier
technique the speedup comes from the fact that the fast
formula (7.8) can be evaluated many more times than the
accompanying scalings, rotations and conversions from
spherical harmonics to plane waves. Figure 4 shows the
idea of plane wave acceleration of translation.

Although the formula (7.7) may suggest at first glance
O(p*) complexity of the operation, in fact is can be
implemented as O(p>) operation. First we can calculate
quantities Fy,, defined by the formula

- (A)"
ka = Z 0::1 (710)
e (n—m)!(n+ m)!

and then we can calculate the coefficients W(k,j) by the
formula

Wk, j) = Z (=)™ Fy,, (7.11)
m—7P

The same applies to the operation described by the
formula (7.9). Unfortunately, the transition from spherical
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Figure 4. The plane wave acceleration of translation.
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harmonics to plane waves described by the above formulas
still remains a costly operation.

8. Putting it all together

In common practice today, the FMM algorithm is
available in two main variants, as a nonadaptive algorithm
suitable for fairly uniform charge distributions and as an
adaptive algorithm suitable for highly nonuniform charge
distributions. We first focus on the nonadaptive algorithm
and then comment on its adaptive derivative.

8.1 Nonadaptive FMM

The FMM algorithm starts by subdividing the three
dimensional simulation box into eight smaller boxes
(octants) each of which is then again subdivided into eight
yet smaller boxes and the process goes on recursively until
desired level of subdivision in achieved. The cells are
organized into a perfect octal tree where each node
corresponds to a cell. The entire simulation box
corresponds to the root node. Each node, except for the
root node, has exactly one parent. Each node, except for
the leaf nodes, has exactly eight children. The leaf nodes
correspond to the finest level of spatial decomposition.
Levels are numbered starting from number O for the level
containing the root node, successively growing going
down the tree. When this decomposition is done the cells
on the finest level house the coordinates for the particles
subject to the electrostatic field calculation. Then the
algorithm proceeds in the following steps:

1. Multipole Expansion Evaluation: Each leaf cell
calculates its multipole expansion based on positions
and charges of particles contained in that cell
according to equation (3.10).

2. Upward Pass: Multipole expansions are propagated up
the tree. First each leaf cell shifts its multipole
expansion to the one of its corners which is the center
of its parent cell by means of multipole to multipole, or
M2M, translation according to equation (7.1). The
process continues level by level until the root cell
aggregates expansions of all its eight children.

3. Multipole to Local Phase: Each cell on each level of
the decomposition accumulates electrostatic infor-
mation from cells which belong to its multipole
neighborhood. In the classic formulation two cells on
the same level of decomposition are multipole
neighbors if they are situated at least two cells apart
from each other and at the same time their parents are
not multipole neighbors. As a result, the multipole
neighborhood for a cell has more-less the shape of a
hollow cube with the cell in its center. In this step each
cell acquires information from its multipole neighbors.
The parent of a cell acquires information about the
region beyond it and the children of a cell acquire
information about the hollow space inside it. The

information acquisition is performed by shifting the
multipole expansion of each neighbor to the center of a
given cell and converting it to a local expansion by the
means of multipole to local or M2L translation
according to equation (7.3). The speedup mechanisms
of §7.2 can be applied here.

Downward Pass: Going from the root level down, each
cell shifts its local expansion, accumulated in the
previous step, to the centers of its eight children which
accumulate and include this information with their
own local expansion acquired in the previous step.
This shift is performed by the means of the local to
local, or L2L, translation according to equation (7.2).
This process proceeds recursively downward in a
waterfall manner. After this step is finished each leaf
cell possesses a local expansion which reflects
electrostatic field in the multipole neighborhood of
the cell and all the space extending beyond it and does
not include the contribution from the hollow region
directly outside the cell. Figure 5 shows steps 2, 3 and
4 of the multipole calculations.

Local Expansion Evaluation: From the local expan-
sion gathered in the previous two steps each leaf cell
calculates the contribution to the potential and force on
each of the particles contained in the cell according to
equations (3.13) and (D.2).

Direct Particle to Particle Calculations: Each leaf cell
accumulates for each particle the contribution to the
force from the particles enclosed in the hollow space
directly outside the cell which was omitted in the
multipole calculations. This is performed by directly
calculating all pairwise interactions between particles
in this region using Coulomb’s Law

— —

7 rn—n
F=qq¢p—=——73, (8.1
lry = ral

and, at least in theory, could be subject to taking
advantage of Newton’s Third Law, which cuts the
number of computations by half. This may not be

well separated cells interactions

!

Downward
L2L pass

cell separation criterion

Figure 5. Upward pass, M2L phase and downward pass.
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Figure 6. Interaction zones: direct (green), multipole (blue); with superblocks in dark blue in online version.

worth the communications cost in some implemen-
tations depending on architecture.

Figure 6 shows one of many possible shapes of direct and
multipole interaction zones. The figure also depicts the idea
of spherically shaped interaction regions discussed in detail
in §10.1 and superblocks discussed in §10.2.

The algorithm in the above formulation is a little
different from the classic formulation [38,40] where steps
3 and 4 would be merged together and referred to as the
downward pass. In this case, the multipole to local
translations would be performed level by level, passing the
local expansions downwards after processing each level.
Although equivalent in serial implementation, such
approach creates a huge bottleneck in parallel implemen-
tations where the computations associated with higher
levels block computations on lower levels. The real benefit
of the acceleration techniques discussed in §7.2 stems
from the fact that the accompanying operations such
scalings, rotations, FFTs, etc. can be factored outside of
step 3, so that in step 3 only fast (O(p?)) operations take
place. The computations associated with periodic
boundary conditions, discussed in the following section,
rely on the results of step 2 and are in turn required by the
computations of step 4, so they can take place anywhere
between those steps.

8.2 Adaptive FMM

The fundamental difference between the nonadaptive
FMM and the adaptive FMM is that in the latter we do not
use the same number of levels for all parts of the
computational box. For strongly nonuniform particle
distributions that would result in a large number of empty
boxes at lower levels of the decomposition. Instead the
recursive procedure continues to subdivide boxes only
until they contain the number of particles that is greater
that some fixed integer number. Although being a simple
concept, the adaptiveness complicates the serial FMM
algorithm substantially and yet more complicates its
parallel implementation. At the same time in molecular
dynamics, especially in simulations of liquids and even

biomolecules in liquid, highly nonuniform distributions
are uncommon and there would be little justification for
the overhead associated with the adaptive FMM
algorithm. For the same reasons the main competitors of
FMM like P°M or PME use regular meshes with
absolutely no notion of adaptation to nonuniform
distributions. On the other hand adaptive FMM may be a
powerful tool in areas where the distributions are highly
nonuniform, like for gas-surface interactions and the
astrophysical case of stellar dynamics.

There is a significant difference however for astro-
physical (gravitational) applications. In molecular
dynamics positive and negative charges cancel each
other out and the monopole moment is small forcing more
terms in the multipole expansion to achieve a desired level
of precision. In stellar dynamics, where mass is always
positive, the monopole term is large and low order
approximations are sufficient. By the same token there is
little reason for full-blown FMM with complex accelera-
tion mechanism. For more details on the adaptive FMM
the reader is referred to literature [18,20,38].

9. Periodic boundary conditions

In molecular dynamics, the system to be investigated is
most often a small sample (O(10 K — 10 M) particles) of a
bulk system (O(10%)). Edges produce correlations not
representative of the bulk and so the use of some form of
periodic boundary conditions are often appropriate to
suppress effects of inappropriate boundaries [83].
However the first hierarchical N-body algorithms were
introduced for the purpose of calculating gravitational
forces in astrophysical simulations, were periodic
boundary conditions did not exist [8]. Those algorithm
were designed to speed up the naive N2 method
calculating all pairwise interactions in a nonperiodic set
of particles. The FMM was originally conceived with
provisions for PBCs in two dimensions [38]. But both in
2D and 3D periodic boundary conditions are a natural
extension of the FMM introducing very little compu-
tational overhead and, as noted by Schmidt and Lee [71],
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Figure 7. Interaction zones for a corner cell with wraparound effect of periodic boundary conditions.

actually simplifying the algorithm. Moreover they yet
further simplify load balancing in parallel implemen-
tations of FMM [48].

The two most prominent methods incorporating
periodic boundary conditions into FMM in three
dimensions are the method by Schmidt and Lee [71,72]
and the method by Lambert et al. [49]. Both approaches
are based on the same basic observation that the periodic
images have the same multipole expansion about their
centers as the main box and they can readily be shifted to
the center of the main box. Also, since all the expansions
are the same, they factor out of the sum over all images.
All the translation matrices can be accumulated into one
transformation matrix. This matrix can then be applied to
the multipole expansion of the main box to produce the
local expansion of all periodic images. Most of work
required by this step can be done during an initialization
phase. The work required during simulation step is
negligible and in parallel implementations can be assigned
to one particular processor without causing any load
imbalance. An important observation here is that the
nearest neighbors of the main box cannot be treated in this
manner because they are still subject to the separation
criterion of the fast multipole algorithm. The empty space
has to be filled out and this is where the simplifying effect
of periodic boundary conditions takes place. In the
nonperiodic systems, boxes near the faces of the cube have
no neighboring boxes outside the cube and their

interaction lists are thus truncated on the domain borders.
With periodic boundary conditions, all boxes, both in the
direct part and the multipole part, are treated exactly the
same regardless of their position in the cube or their level
in the octal tree. The “missing” boxes are replaced with
periodic images appropriately for each level. These
images are referred to as innermost cells. This produces
the wraparound effect of periodic boundary conditions
(figure 7). Practically, all the overhead of PBC in FMM
comes from the introduction of the innermost cells. In
parallel implementations the wraparound effect of the
innermost cells results in much denser communication
matrix with a clearly apparent antidiagonal. This is, of
course, a sign of very poor locality in communications.

9.1 Infinite PBCs—Ewald method

Schmidt and Lee [71] have proposed a method for
calculating the transformation matrix for infinite periodic
boundary conditions based on the Ewald summation or
lattice sum approach [83]. In order to shift the periodic
images of the main box to its center the values of
p~the/mBpm(cos a) in equation (3.9) are replaced by
sum of the values corresponding to all the periodic images.
The infinite sum is calculated using the Ewald method and
then the contribution of the nearest cells (26 in this case) is
explicitly subtracted. The method is equivalent to finding a
solution to Poisson’s equation for the field from charges in
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a periodic system. One can picture taking a finite number
of replicas and surrounding the set of images by a vacuum
with dielectric constant € = 1 or € = 0. One then takes
the limit as the number of replicas goes to infinity [3,71].

Thus, we have a straightforward solution, elegantly
combining the fast multiple method with Ewald
summation. Although Shimada er al. [73] point out
some typographic errors in the paper, the follow-up paper
by Schmidt and Lee [72] generalizes the method to
noncubic lattices and gives more a detailed presentation of
the mathematical apparatus. The readers who would like
deeper explanation of this approach from mathematical
perspective are also referred to the paper by Singer [75].
The papers by Challacombe et al. [19] and Figueirido et al.
[36] also offer some interesting insights into these
techniques. The most recent developments are reported
by Amisaki [5].

9.2 Arbitrarily large finite PBCs—macroscopic
expansion

Lambert and Board [49] have proposed a method for
calculating the transformation matrix for finite yet
arbitrarily large periodic boundary conditions based on
hierarchical multilevel approach referred to as the
macroscopic expansion (ME). In the nonperiodic FMM,
upward propagation of multipole expansions stops at the
main cell. In ME the process continues further up. The
multipole expansions of the main box and 26 of its
adjacent periodic replicas are combined into an aggregate
higher level cell and the process goes recursively up to k
levels. Since all the multipole expansions of the replicas
on a given level are the same, they factor out of the sum
and can be accumulated into one multipole to multipole
transformation matrix for each level. Then at each level
the cell centered at the main box accumulates contri-
butions from its well separated periodic images using
multipole to local translations and then conceptually
passes the resulting local translation to the lower level.
Since actually the levels are centered at the same point,
there is no need for any local to local translations and the
contributions from all levels are simply added to the local
expansion of the main box. Here again all multipole
expansions on a given level are the same, factor out of the
sum and can be accumulated into one multipole to local
transformation matrix for each level. When the process is
finished the downward propagation of local expansions
proceeds like in the nonperiodic FMM case. As a result the
overhead of ME is k& multipole to multipole transform-
ations performed going in the upward direction and k
multipole to local transformations performed going in the
downward direction. In practice k between 4 and 6
approximates the infinite Ewald sum with high accuracy.
Lambert and Board’s method is, in our view, the most
natural way of implementing PBCs in FMM. It does not
introduce any new equations to the algorithm and can be
coded with very little programming effort.

10. More performance improvements

There are two main parameters in FMM which can be used
to trade accuracy for performance. One is the size of
multipole expansions p used. The second one is the
minimum separation of cells being considered multipole
neighbors. Both larger values of p and larger separation,
which results in a larger multipole and direct neighbor-
hood, give higher accuracy and larger computation time.
They can also be balanced against each other; we can keep
the same accuracy by lowering one when increasing the
other. In the original formulation by Greengard and
Rokhlin a multipole neighbor of a cell is required to be
separated from the cell by at least one other cell. In this
case the size of the multipole interaction region is 189
cells and the worst case error was proved to be less than
(0.75)’. The plane wave acceleration technique by
Greengard and Rokhlin [20,42] also relies on this
separation criterion. However, those authors also
suggested that multipole neighbors could be separated
by at least two intervening cells of the same size in which
case the size of the multipole interaction region is 875
cells and the worst case error is proved to be less
than (0.4)”.

Interesting work on the error analysis for FMM was also
done by White and Head-Gordon [90], Elliott and Board
[31] and Solvason and Petersen [80]. In following sections
we discuss performance improvements which will
decrease the size of multipole neighborhood without
affecting accuracy of computation and without the need
for bigger expansion sizes.

10.1 Spherically shaped interaction regions

The two interaction regions resulting from Greengard and
Rokhlin’s definition of multipole interaction zone are
cubic in shape. However, in FMM the error is a function of
the distance between centers of cells. Elliott and Board
proposed to use this distance to determine if cells are
neighbors or not [31,32]. This approach results in
interaction regions with more spherical shapes. Further-
more, the number of interactions is reduced improving
performance and the strict error bound is not violated. At
the same time the separation criterion is much more
flexible offering a number of intermediate states between
the states offered by cubic interaction regions. For the
classic separation criterion of two cells the multipole
interaction region consists of 875 cells. The equivalent
spherical region consists of 651 cells. Also generation of
the shapes of interaction regions can be implemented with
a straightforward integer algorithm.

10.2 Superblocks in coefficient space

It has also been observed by Elliott and Board that for
some cells their multipole interactions can be replaced
with interactions with their parents [31,32]. This way eight
interactions with cells on the same level can be replaced
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with a single interaction with their parent on the upper
level. In such a case the parent is referred to as a
superblock. Parental conversion is another name for such
operation. This can only be applied to a limited extent
however. The multipole to multipole translation of
information from a child to its parent in coefficient
space in the upward pass of the algorithm by equation
(7.1) truncates some of the child’s information. Interacting
with the parent is less accurate than interacting directly
with its eight children. However it may still be within the
specified error bound if the parent is far enough away. As a
result only cells on the outskirts of the multipole region
can be subjected to parental conversion (converted to
superblocks). It is still a remarkable gain in performance
resulting in the number of multipole interactions dropping
down from 651 to 315 for the spherical region equivalent
to the classic separation of two cells.

10.3 Superblocks in transformed space

An idea having even more performance impact is the
observation by Greengard and Rokhlin [42] that if shift is
a diagonal operation then superblocks can be created in
transform space without any loss of information. In this
case superblocks can be used without any limitations,
regardless of cell positions within the multipole
interaction region. In fact, the two methods do not
exclude each other and the multipole interaction region
may consist of the outermost layer of superblocks in
coefficient space, middle layer of superblocks in transform
space and innermost layer of cells which could not be
subjected to parental conversion because not all of their
seven siblings were present in the interaction region.

10.4 Symmetry considerations

Although the acceleration methods discussed in §7.2 are
of order O(p?) they operate on multipole expansion
representations that are approximately four times bigger in
size. Wang and LeSar observed [85] that the multipole and
local expansions have /2 rotation symmetry about the
Z-axis expressed by equation (5.7) and mirror reflection
symmetry about the XY plane expressed by equation (6.1).
The operations applying the symmetry transformations are
the least complex operations in the entire FMM, are
performed a single pass over the expansion coefficients
and only flip signs and/or exchange real and imaginary
parts of complex numbers. In other words, if we apply the
M2L translation to a multipole expansion, we can quickly
obtain seven symmetric images of the resulting local
expansion by applying these simple symmetric transform-
ations. For the original FMM with the single cell
separation, this replaces 189 full evaluation of M2L
translation with 34 translations plus 93 rotations about the
Z-axis and 63 reflections about the XY plane. Of course the
M2L acceleration techniques still apply to the 34
remaining M2L translations.

11. Implementation remarks

11.1 Implementation of fast Fourier transform

High quality implementation of Fourier transforms is
essential for good performance of FMM code. Straightfor-
ward application of the definition of discrete Fourier
transform will not deliver adequate speed. Neither will fast
Fourier transform implemented with loops and “on the
fly” calculation of twiddle factors.

Simple solution is to unroll a Cooley—Tukey [21] radix
2 FFT routine into one block of straight-line code (single
basic block) with all constants precomputed. The code
from Numerical Recipes [63] can be used as a starting
point if more sophisticated tools are not available.
However this way we can only treat power of two sizes.
Using smaller sizes with zero padding will not improve
performance since the Fourier space representation will
stay of the same size.

A state of the art solution is to generate FFT routines of
desired sizes using fast prime size factorizations with a
special purpose compiler, which can perform common
subexpression elimination as well as other, DFT specific,
optimizations. Great discussion of modern FFT algorithms
is offered by Tolimieri [81,82] and Heideman [43]. An
implementation of special purpose FFT compiler was
described by Frigo [37]. FMM FFT routines utilized in our
code also incorporate knowledge of symmetries and zero
elements specific to multipole expansions in spherical
harmonics. The results are currently in preparation for
publication.

11.2 Precomputation of transfer functions

A quality implementation of FMM should precompute the
transfer matrices G/ (7) for all translation vectors for the
multipole region used. This way in the multipole to local
phase the translation operation is an elementwise product
of a multipole expansion and a precomputed transfer
matrix. This is also where scaling of multipole coefficients
has a beneficial effect. Without scaling, each level of
decomposition uses translation vectors of different length
and requires a different set of G(7) translation matrices.
With scaling, the set of translation matrices is the same for
all levels and scaling allows for substantial memory
savings in their storage. If the symmetries of §10.4 are
exploited, then the number of precomputed G'(7)
functions further decreases. The savings will strongly
manifest themselves in the form of higher performance
due to more efficient use of cache memory on most
common architectures.

12. Comments on parallelization of FMM

Although frequently referred to as an inherently parallel
algorithm, FMM is rather hard to parallelize efficiently,
especially on distributed memory computers, due to irregular
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patterns and the high volume of communications. Early
work on parallelization of FMM was done by Greengard
and Gropp [39] and Zhao and Johnsson [92], the latter
achieving remarkable efficiency on the Connection
Machine. Many publications were written on efficient
parallelization of FMM on shared memory architectures
[76-78] and those with a global address space [74,75].
Substantial effort on parallelization of FMM for
distributed memory systems was contributed by the
Scientific Computing Group from Duke University [12—
14,32,50,51,65-67]. Efficient parallelization of FMM on
distributed memory computers is an ongoing effort and
also the focus of the authors of this publication [47,48].

13. Conclusions

In our view, the FMM is commonly overestimated in its
complexity and underestimated in its performance. In this
article, we have presented compact formulation of the
multipole equations which allow for simple and elegant
computer implementations along with straightforward
methods for achieving high computational efficiency.
These two aspects of FMM should guarantee its
competitiveness with traditional methods for solving the
underlying N-body problem of long range interactions in
particle dynamics.
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Appendix
A. Calculating legendre polynomials

Associated Legendre polynomials P))(x) can be calculated
in a number of ways [2,53]. Explicit expressions for
calculating Legendre polynomials are cumbersome and
may cause numerical problems. It is better to use simple
and numerically stable recurrence relations. Following the
method presented in Ref. [63] we can start with a closed
form expression for P (x):

P = (—=1)"@m = DA —x"2 (A

where n!! denotes product of all integers less than or equal
to n. Then we can use the following expression for

P (0):

P (0) = x(2m + 1P (x), (A2)

and then we can use the following recurrence relation for
general n:

x2n — DP) ((x) — (n+m — 1P,

Pl(x) = 2™ (A3

n—m

[63] contains a small subroutine to calculate associated
Legendre polynomials using these relations. We remind
here that in FMM we never explicitly deal with negative
values for m.

B. Calculating Wigner matrix coefficients

There are many ways to calculate the Wigner matrix
coefficients RZ’*’"/(B) including fast recurrence relations
[9,30,84], but here we actually found it most straightfor-
ward to use the explicit formula presented in Ref. [84]:

R™™ (B)

= (=" m)ln—m)n+m)(n—m) 1y (1)

k

(COS g)m+m’+2k (Sl g)anmfmek

KU —m — k)l — ml — k)l m+m + k)1 (B.1)

where k runs over all integer values for which the factorial
arguments are nonnegative. In FMM we need only two
Wigner matrices, one for rotation by /2 and one for
rotation by — /2. We compute them once at the begining
of the entire program and there is little reason for
optimization of their evaluation.

Normally one would have to store and manipulate
Wigner matrix coefficients for n € [0,p — 1], m €
[-n,n] and m € [—n,n]. However in FMM due to
symmetries in the multipole expansion (equations (3.14)—
(3.17)) we never calculate coefficients for negative m.
Also we may notice the following symmetries in the
Wigner matrices:

Rzl(_m,)(’]T/z) — (_ l)n+mlRZqJn/(7T/2); (Bz)

Ry (/2 = (=" R (w/2). (B3

By taking advantage of the above relations we can actually
store only one octant of the matrix for n € [0,p — 1],
m' € [0,n] and m € [0,m'] in the form of a tetrahedral
matrix.
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Table Al. Values of {Ay, wy, M} for s = 8.

k Ak Wy M
1 0.10934746769000 0.27107502662774 4
2 0.51769741015341 0.52769158843946 8
3 1.13306591611192 0.69151504413879 16
4 1.88135015110740 0.79834400406452 16
5 2.71785409601205 0.87164160121354 24
6 3.61650274907449 0.92643839116924 24
7 4.56271053303821 0.97294622259483 8
8 5.54900885348528 1.02413865844686 4

C. Plane wave discretization parameters

Table Al contains the triplets {Ax, wi, My} required by
summation of equation of §7.2.3 for s = 8, which can be
used for low accuracy computations. More tables can be
found in the papers by Greengard and Rokhlin [20,42].

D. Calculating force

Most FMM papers include expressions for calculation of
the electrostatic potential. However for actual time
integration of the equations of motion we need to
calculate forces on particles and although force equations
are not difficult to derive, we would like to include them
here for completeness. We follow the derivation by Rankin
[65]. Forces are computed by taking gradients of
potentials:

o0

N
gV =gy > MJVGI(H,  (D.1)

N=0M=—n

V@) =gy Y LIVE®, (D2

N=0m=—n

where the expressions for gradients are:

dG . 1dG . 1 dG
VG'®) = p2 62 p—r ), D.3
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; dr* _1drF* . 1 dF*
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The individual components for VG'(7) can be computed
from equations A.1-A.3 and (3.9):

n+1

iVG’;%?) =- G"(), (D.5)
dp

d .
3o VG = meota G — (n = mye BGm(7),
a (D.6)
a4

B VG'(7) = imG)'(F) (D.7)

and the individual components for VF,”(F) can be
computed from equations A and (3.8):

d s s =
S VEmE) =2, (D.8)
dp p
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S VE(7) = meotaF"(7) = (n+m+ DePFM (),
o
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d
dp

For the special case of cosa =1 equations (D.6) and
(D.9) simplify to:

VE(F) = —imF"(7). (D.10)
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In this case, the derivative with respect to 3 is always zero
and the gradient vector is computed by taking the
derivative with respect to « at two different values of S:

dG ,1dG ~ 1 dG
VGI#H = | p—,d—| —— 5
dp pdajg,  psinada p=r/2
(D.13)
e JdF* 1dF* ~ 1 dF~
VFn (I")= P——,&——— ) . 3 .
dp ' pda p—o Ppsina da =/
(D.14)

The last special case is for p = 0. In FMM force and
potential cannot be calculated at the center of multipole
expansion, but it can be calculated at the center of local
expansion. In this situation the gradient of F :’"(7) takes the
following form:

o dr* dF” ~dF*
Van(l") = pP— , O—— [N )

dp a=0 dp a=m/2 dp a=1/2

B=0 B=0 B=m/2
(D.15)

where
d - s =

—F " (7 = F" ). (D.16)

dp

Although the ability to calculate force and potential from a
multipole expansion is important in the development and
implementation process, we do not need it in the actual
FMM algorithm.
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